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Abstract
Over the past few decades, the prospect of energy generation from an oscillating
piezoelectric patch has gained attention. A typical setup of this kind would be a
piezoelectric patch mounted on a flexible flat plate that is exhibiting self-sustained
flapping motion. Such piezoelectric patches are generally multilayered consisting of
piezoelectric, substrate and electrode layers placed on top of each other. Although
the flapping dynamics of single-layered structures have been extensively studied,
the investigation into the flapping dynamics of multilayered structures is minimal.
In this paper, we first propose a robust, numerically stable, quasi-monolithic for-
mulation with exact interface tracking to simulate the fluid-multilayered structure
interactions. We validate the proposed formulation, using an in-house solver, by con-
sidering a simple two-layered plate-like structure with identical material properties
against a single-layered plate. We then use this formulation to study a two-layered
flexible plate, wherein each layer of the plate has independent material properties.
Systematic parametric simulations are conducted to understand the effect of differ-
ence in material properties between the two layers of a plate on the self-sustained
flapping dynamics. The parametric simulations are performed at a Reynolds num-
ber Re = 1000 by selecting different values of Young’s modulus and density for each
of the layers such that the average structure to fluid mass ratio (m∗)avg = 0.1 and
average non-dimensional bending stiffness (KB)avg = 0.0005. Firstly, the effects of
difference in elasticity between the two layers on the flapping amplitude, frequency,
forces and vortex shedding patterns are investigated. Following this, the effect of
such difference in elastic properties on the onset of flapping is investigated for a case
with Re = 1000, (m∗)avg = 0.1 and (KB)avg = 0.0008, for which, a single-layered
plate does not undergo self-sustained flapping. Two distinct response regimes are
observed depending on the difference in elastic properties between the two layers:
(I) fixed-point stable; and (II) periodic limit cycle oscillations. Finally, we look into
the effects due to the difference in the structural density between the two layers on
the flapping dynamics of the plate.
Key words: Fluid-structure interaction (FSI), Two-layered plate, Flapping
Preprint submitted to Journal of Fluids and Structures October 9, 2020
ar
X
iv
:2
01
0.
03
82
3v
1 
 [p
hy
sic
s.f
lu-
dy
n]
  8
 O
ct 
20
20
dynamics, CFEI formulation
1991 MSC: [2020] 00-01, 99-00
1 Introduction
Thin, flexible, plate-like structures, when placed in an external flow field along
its length with the leading edge clamped, can exhibit a self-sustained flapping
motion above a critical flow speed due to coupled fluid-elastic instability. The
value of critical flow speed depends on the destabilizing inertial effects and
stabilizing elastic effects. The problem of a single isotropic flexible plate with
leading-edge fixed is extensively studied for its relevance in the development of
energy harvesting devices (Allen and Smits, 2001; Tang et al., 2009; Akcabay
and Young, 2012; Michelin and Doare´, 2013; Xia et al., 2015) and flexible
propulsive devices (Hua et al., 2013; Quinn et al., 2014b,a; Tang and Lu,
2015). Piezoelectric plates/patches convert the structural strain energy into
electric current through piezoelectric effect and are therefore widely used for
harvesting fluid kinetic energy either by allowing the piezoelectric patches
to undergo flow-induced flapping motion or by attaching the patches onto a
structure that is undergoing flow-induced vibration. A typical Piezoelectric
patch consists of multiple layers, including the piezoelectric, substrate and
electrode layers.
Extensive experimental works have been conducted to understand the flapping
instabilities of plate-like structures over the years. Allen and Smits (2001) were
one of the first to show that the piezoelectric materials such as polyvinylidene
fluoride (PVDF) and polyurethane (PU) can exhibit flow-induced flapping
motion when placed in the wake of a bluff body. Around the same time, Tay-
lor et al. (2001) conducted similar experiments by placing a long piezoelectric
strip in the wake of bluff bodies immersed in water to demonstrate its energy
harvesting potential. Later, Akaydin et al. (2010) reported a combination of
experimental and numerical studies regarding the use of piezoelectric mate-
rial to harness energy from unsteady airflows, where they have also discussed
the power output and efficiency of the system. Following this, an interesting
experimental study was carried out by Li et al. (2011), who investigated a
bio-inspired piezo-leaf undergoing self-induced aerodynamics instability. No-
tably, this study featured a cross-flow arrangement which is in contrast to the
traditional set-up where the plate is in parallel with the flow direction. Recent
experiments by Kim et al. (2013) have shown that compared to the traditional
∗ Corresponding author.; phone: +91 040 6630 3618.
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flag orientation, wherein the leading edge is clamped and trailing edge left free,
the orientation where the trailing edge is clamped, and the leading edge is left
free (known as the inverted flag orientation) might be better suited for energy
harvesting purposes. These observations have also been verified numerically by
Gurugubelli and Jaiman (2015) and Shoele and Mittal (2016). In Orrego et al.
(2017), experiments were conducted considering a piezoelectric membrane in
the inverted flag orientation, and the results demonstrate that the orientation
is indeed better suited for energy harvesting than the traditional orientation.
Apart from these studies, more specific studies such as the influence of elec-
trode position in a piezoelectric energy harvesting flag (Pin˜eirua et al., 2015)
and the effect of the number of piezoelectric patches on the plate (Tang et al.,
2019) have also been investigated experimentally.
Along with experimental studies, many numerical studies have also been car-
ried out to enhance the understanding of flapping dynamics for a single layered
plate over the last few decades. A variety of numerical techniques have been
employed to simulate interactions between a viscous fluid flow, i.e. the Navier-
Stokes equations, and a flexible structure. In one of the earliest numerical
works, Zhu and Peskin (2002) have numerically investigated flexible filament
flapping within a flowing soap film. Here a finite difference method was used
for both the structural and flow equations, and the coupling was enforced using
the immersed boundary method. Later, two-dimensional flapping dynamics of
a flag structure in a uniform stream was studied by Connell and Yue (2007)
using a strongly coupled finite difference based numerical solver. This work
presented an extensive analysis on the effects of various non-dimensional pa-
rameters, i.e. structure to fluid mass ratio (m∗), the non-dimensional flexural
rigidity (KB), and the Reynolds number (Re), on the flapping response dy-
namics. Using an immersed boundary technique, Huang and Sung (2010) nu-
merically investigated three dimensional flapping dynamics to understand the
vortex structures and three dimensional deformation of the plate. Tian et al.
(2011) developed a lattice Boltzmann based immersed boundary method to
investigate the two dimensional flapping dynamics involving or more than one
flexible structures. Liu et al. (2014) presented a two-dimensional finite ele-
ment based formulation that is numerically stable for very low structure to
fluid mass ratio with a quasi-monolithic coupling and exact interface track-
ing. This formulation, has been used by Gurugubelli and Jaiman (2015) and
Gurugubelli and Jaiman (2019b) to investigate the two and three dimensional
flapping dynamics, respectively, of a flexible plate in the inverted orientation.
Gurugubelli and Jaiman (2019a) extended the quasi-monolithic formulation
of Liu et al. (2014) for investigating the flapping dynamics of multiple flexible
structures. Gilmanov et al. (2015) has used a coupled finite element and finite
difference approach to solve the structural and flow equations respectively to
simulate the three dimensional flapping of an inverted flag in a uniform flow.
Most recently, three dimensional simulations of an inverted flag in linear shear
flows have been studied in Wang et al. (2020) using the lattice Boltzmann
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method for the fluid equations, the finite element method for the structural
equations and immersed boundary approach to tackling the coupling. A com-
prehensive summary of all the numerical and experimental research on the
fluid dynamics of flapping foils can be found in Wu et al. (2020)
Even though piezoelectric energy harvesting devices are multilayered, the ex-
isting understanding of non-linear flapping dynamics is primarily based on
single-layered plate studies. In the present work, in order to gain better in-
sight into the behaviour of these multilayered plates, we consider a two-layered
flexible plate, with each layer having independent material properties (den-
sity, Young’s modulus and Poisson’s ratio). A robust, in-house FEM solver
that is stable for mass ratios of the order 0.1 is used to solve the problem of
a two-layered flexible plate placed in a uniform stream. The quasi-monolithic
formulation proposed in Liu et al. (2014) has been extended to solve the fluid-
multilayered structure interactions of an elastic body consisting of multiple
materials. Systematic investigations are then carried out to study the effects
of differences in the material properties within a plate on the flapping dynam-
ics. Initially, the effect of different elastic properties between the two layers on
the flapping amplitude, frequency and forces are studied. Following this, we
look into the effect of such variation in the elastic properties between layers
on the onset of flapping in certain cases. Finally, a similar investigation into
the effect of having layers with different structure-to-fluid mass ratios on the
flapping dynamics is carried out.
In Section 2, we describe the quasi-monolithic formulation along with the
time-discretization employed. Then in Section 3, the problem statement, along
with the relevant non-dimensional parameters, are defined. Following this, in
Section 4, the validation of the in-house solver along with the results of the
parametric investigations are detailed. Finally, a summary of all the findings
is provided in Section 5.
2 Governing Equations & Numerical Methodology
Let us consider a two-dimensional flexible structure Ωs made-up of n different
materials, i.e. Ωs = Ωs1 ∪ Ωs2 ∪ Ωs3 ∪ · · ·Ωsn, interacting with the surrounding
two-dimensional incompressible viscous fluid flow Ωf . Let, Γi represents the
interface between fluid and a part of the flexible structure made-up of ith
material. Similarly, Γi,j denotes the interface between two parts of the flexible
structure made-up of the ith and jth materials respectively, provided i 6= j.
In an arbitrary Lagrangian-Eulerian (ALE) reference frame, the Navier-Stokes
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equations for an incompressible flow are given as
ρf
[
∂uf
∂t
+
(
uf −w
)
·∇uf
]
=∇ · σf + ρff f on Ωf(t),
∇ · uf = 0 on Ωf(t),
(1)
where ρf is the fluid density and uf =
(
uf , vf
)
=
(
uf (x, t) , vf (x, t)
)
represents
the fluid velocity with x and y-velocity components uf and vf , respectively,
defined at the spatial points x ∈ Ωf(t). w = w(x, t) denotes the velocity of
the spatial points x in the fluid domain Ωf(t). f f is the fluid body force and
σf represents the Cauchy stress tensor for a Newtonian fluids given as
σf = −pI + µf
[
∇uf +
(
∇uf
)T ]
, (2)
where µf is the fluid’s dynamic viscosity and pI denotes the isotropic fluid
pressure tensor. The dynamics of a flexible structure consisting of n different
materials should satisfy the Navier’s equation over each Ωsi , which is given as
ρsi
∂us
∂t
=∇ · σsi + ρsif si in Ωsi ∀ i = {1, 2, 3, · · · , n}. (3)
Here ρsi represents density of the flexible structure’s i
th material, us = us(zi, t)
is the velocity defined at a Lagrangian point zi ∈ Ωsi , f si denotes the body force
and σsi represents the first Piola-Kirchhoff stress tensor for a Saint Venant
Kirchhoff linearly hyper-elastic material, which is given as
σsi = 2µ
s
iFE + λ
s
i [tr (E)]F , (4)
where tr(·) denotes the trace operator applied over a tensor, F is the defor-
mation gradient and E represents the Green-Lagrangian strain tensor.
In addition to the governing Eqs. (1) and (3), the fluid multi-material structure
interactions should also satisfy the following interface conditions along Γi =
Ωf ∩ Ωsi and Γi,j = Ωsi ∩ Ωsj | i 6= j
∫
ϕs(γ,t)
σf(ϕs(z, t), t) · nfdΓ +
∫
γ
σsi (z, t) · nsdΓ = 0 ∀ z ∈ γ, γ ⊂ Γi,(5)
uf(ϕs(zi, t), t) = u
s(zi, t) ∀ zi ∈ Γi, (6)∫
γ
σsi (z, t) · nsi dΓ +
∫
γ
σsj(z, t) · nsjdΓ = 0 ∀ z ∈ γ, γ ⊂ Γi,j, (7)
us(zi) = u
s(zj) ϕ
s(zi, t) = ϕ
s(zj, t) ∀ zi, zj ∈ Γi,j and zi = zj,(8)
Here, Eq. (5) represents the traction continuity along a small element γ on
the fluid-structure interface Γi, wherein n
f and ns denote the element γ’s unit
normal vectors in the direction pointing away from the fluid and structural
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domains respectively. ϕs (x, t) is a mapping function that maps the Lagrangian
point x ∈ Ωsi to its deformed state at a time instance t. Equation (6) denotes
the velocity continuity condition, i.e. velocity of the fluid should be equal
to the velocity of solid at the point of contact. Similar to Eq. (5) for the
fluid-structure interface, Eq. (7) represents the traction continuity along the
structure-structure interface Γi,j = Ω
s
i ∩Ωsj for any element γ on it. In Eq. (7),
nsi and n
s
j represent the unit normal vectors for the element γ’s in the outward
direction to Ωsi and Ω
s
j respectively. Finally, Eq. (8) represents the continuity in
position along the interface Γi,j. It should be noted that the current formulation
does not take the delamination effects into account.
2.1 Quasi-Monolithic Formulation for MultiLayered Structures
In this section, we propose a high-order finite element based formulation for
simulating the fluid-structure interaction of a viscous fluid flow interacting
with a structure consisting of two or more materials. The proposed formulation
is an extension of the combined field with explicit interface (CFEI) formulation
proposed for an elastic body made up of a single material in Liu et al. (2014).
The CFEI formulation is stable for low structure-to-fluid mass ratios and has
been extensively used for investigating the flow-induced flapping instability of
thin flexible structures (Bourlet et al., 2015; Gurugubelli and Jaiman, 2015,
2019a,b) both for its numerical stability and its ability to capture the boundary
layer induced effects accurately due to the exact interface tracking feature of
the formulation.
To construct the weak form of the Navier-Stokes equations (Eq. 1), consider a
test function for the fluid velocities, φf(x) ∈ H1, which is sufficiently smooth
such that φf(x) = 0 ∀ x ∈ Γfd, where Γfd represents the Dirichlet boundary of
Ωf . Similarly, we also introduce a test function q ∈ L2 for the fluid pressure.
Hence, the weak form for Eq. (1) has been written as
∫
Ωf(t)
ρf
(
∂tu
f +
(
uf −w
)
·∇uf
)
· φfdΩ +
∫
Ωf(t)
σf :∇φfdΩ =∫
Ωf(t)
f f · φfdΩ +
∫
Γfn(t)
T f · φfdΓ +∑
i
∫
Γi(t)
(
σf · nf
)
· φfdΓ, (9)∫
Ωf(t)
q∇ · ufdΩ = 0. (10)
Here ∂t denotes partial time derivative operator ∂ (·)/∂t and Γfn represents
the Neumann boundary of Ωf where σf · nf = T f . The weak form of the
structural dynamics equation (Eq. 3) can be constructed by introducing a set
of sufficiently smooth test functions defined by φsi (zi) ∈ H1 | φsi (zi) = 0 ∀ zi ∈
Γsi,d for the structural velocities, where Γ
s
i,d represents the Dirichlet boundary
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of the structural domain Ωsi . The weak form of Eq. (3) can be expressed as∫
Ωsi
ρsi∂tu
s · φsi dΩ +
∫
Ωsi
σsi :∇φsi dΩ =
∫
Ωsi
f si · φsi dΩ+∫
Γsi,n
T si · φsi dΓ +
∫
Γi
(σsi ·nsi ) · φsi +
∑
j
∫
Γij
(σsi ·nsi ) · φsi dΓ. (11)
Here Γsi,n is the Neumann boundary of Ω
s
i where σ
s
i ·nsi = T si . Finally, the weak
form for the traction continuity Eqs. (5 and 7) can be written as∫
ϕs(γ,t)
(σf(ϕs(z, t), t) · nf) · φfdΓ +
∫
γ
(σsi (z, t) · nsi ) · φsi dΓ = 0,∫
γ
(σsi (z, t) · nsi ) · φsi dΓ +
∫
γ
(σsj(z, t) · nsj) · φsjdΓ = 0.
(12)
The above weak forms of the traction continuity conditions are constructed
by considering a conforming mesh along the interfaces Γi and Γij, thereby
resulting in
φf(ϕs(zi, t)) = φ
s(zi) ∀zi ∈ Γi and φs(zi) = φs(zj) ∀zi, zj ∈ Γij | zi = zj.
(13)
Therefore, the weak form of the combined field formulation for the fluid-
structure interactions for the structure consisting of multiple materials can
be obtained by combining Eqs. (9)-(12) and written as∫
Ωf(t)
ρf
(
∂tu
f(x, t) +
(
uf −w
)
·∇uf
)
· φf(x)dΩ +
∫
Ωf(t)
σf :∇φfdΩ
−
∫
Ωf(t)
q∇ · ufdΩ
+
∑
i
∫
Ωsi
ρsi∂tu
s · φsi dΩ +
∑
i
∫
Ωsi
σsi :∇φsi dΩ =∫
Ωf(t)
f f · φfdΩ +
∫
Γfn(t)
T f · φfdΓ +∑
i
∫
Ωsi
f si · φsi dΩ +
∑
i
∫
Γsi,n
T si · φsi dΓ.
(14)
The above weak form is the generic form of the combined field formulations
presented in Liu et al. (2014) and Gurugubelli and Jaiman (2019a). For n =
1, the weak form in Eq. (14) reduces into the formulation proposed in Liu
et al. (2014) for the problem of an incompressible fluid interacting with a
single flexible structure. On the other hand, for Γij = ∅ the weak form would
represent the case of the fluid interacting with multiple flexible structures
with no common interface between them presented in Gurugubelli and Jaiman
(2019a).
The weak variation form in Eq. (14) is discretized to approximate the fluid ve-
locity, pressure and structural velocity using P2/P1/P2 isoparametric elements.
The mixed P2/P1 finite element discretization for the fluid velocity and pres-
sure would satisfy the inf-sup condition for well-posedness of the system of
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linear equations. Let, T fh (t) represents the finite element mesh defined on the
domain Ωf(t) for the fluid velocity and pressure. Similarly, let T si,h is the trian-
gular mesh defined on domains Ωsi for the flexible structure with i
th material
properties. For better computational efficiency, the edges of the isoparametric
elements are assumed to be straight unless they represent either the interface
or curved boundaries.
A typical fluid-structure interaction formulation requires solving of three fields
i.e. fluid, structure and the fluid mesh. However, the weak form presented in
Eq. (14) accounts only for the fluid and structural fields. This is where the
novelty of the quasi-monolithic solver comes into the picture. Unlike tradi-
tional monolithic solvers where all three fields are solved together, in the
quasi-monolithic formulation the equations corresponding to the movement
of fluid mesh is decoupled from the other two fields, i.e. fluid and structure. A
second-order extrapolation scheme is considered to describe the displacement
vector ηs,nh of the flexible structure to decouple the fluid mesh movement
ηs,nh (zi) = η
s,n−1
h (zi) +
3∆t
2
us,n−1h (zi)−
∆t
2
us,n−2h (zi) ∀zi ∈ T si,h, (15)
where ∆t is the time step. Subscript h above represents the approximation
due to the mesh discretization.
Let, ηf,nh and x
n
h denote displacement and the corresponding updated posi-
tion of a fluid mesh node on T fh (tn) due to the deformation/movement of the
structure respectively. Therefore, the fluid mesh T fh (tn) should satisfy the dis-
placement continuity with the structure along the interfaces, which is given
as
ηf,nh (ϕ
s,n(zi)) = η
s,n
h (zi) ∀zi ∈ (T si,h ∩ T fh ). (16)
Given ηs,nh (zi) ∀ zi ∈ Γi, the internal fluid nodes can be updated using pseudo-
elastic material model (Stein et al., 2003) given by,
∇ · σm = 0, (17)
and satisfying Eq. (16) as the boundary condition. In the above equation, σm
represents the stress experienced by the fluid mesh due to the displacement of
the interface solid Lagrangian nodes. Considering the fluid mesh as a linearly
elastic material, the stress experienced by the fluid mesh can be given by
σm = (1 + τm)
[(
∇ηf +
(
∇ηf
)T)
+
(
∇ · ηf
)
I
]
, (18)
where τm is a mesh stiffness variable chosen as a function of the element size to
limit the distortion of the small elements located in the immediate vicinity of
the fluid-structure interface. The mesh stiffness variable τm for the j
th element
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is defined as max |T |−min |T ||Tj| , where Tj represents the area of j
th element and T
is the set of areas of all the elements on the mesh τ f respectively.
Using the updated mesh positions, xn, a second order approximation of the
fluid mesh velocities can be given as
wn(xn) =
1
∆t
[(
xn − xn−1
)
+
1
2
(
xn−1 − xn−2
)
− 1
2
(
xn−2 − xn−3
)]
. (19)
Finally, without loss of accuracy the nonlinear convective term in the weak
form Eq. (14) can be linearized by using a second-order explicit time-accurate
extrapolation for the fluid velocity, which is given by
uˇfh(x
n) = 2uf,n−1h (x
n−1)− uf,n−2h (xn−2). (20)
Therefore, the fully discretized finite element form of the quasi-monolithic
formulation for the interaction of a fluid with the structure made up of multiple
material will be
∫
T f
h
(tn)
[
ρf
∆t
(
3
2
uf,nh (x
n)− 2uf,n−1h (xn−1) +
1
2
uf,n−2h (x
n−2)
)
+
(
uˇfh(x
n)−wnh(xn)
)
·∇uf,nh (xn)
]
· φfdT
+
∫
T f
ρfνf
(
∇uf,nh (xn) +
(
∇uf,nh (xn)
)T)
:∇φfdx

A
−
∫
Ωf
h,tn
pf,nh (x
n)(∇ · φf)dx
}
B
−
∫
Ωf
h,tn
qf(∇ · uf,nh )dx
}
C
+
∑
i
∫
Ωs
i,h
ρs
∆t
(
3
2
us,nh − 2us,n−1h +
1
2
us,n−2h
)
· φsidx
}
D
=
∫
Ωf
h,tn
f f · φfdΩ +
∫
(Γfn)h
T f · φfdΓ +∑
i
∫
Ωs
i,h
f si · φsidΩ +
∑
i
∫
(Γsi,n)h
T si · φsidΓ,
}
E
(21)
where A contains the transient, convective and diffusive contributions, B and
C are the pressure and continuity terms respectively, D represents the solid
momentum equation and E consists of the external body force and boundary
conditions.
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ρf U0
L
H
Ht
Hb
Top Layer (ρst, Et) Bottom Layer (ρ
s
b, Eb)
Figure 1. A schematic illustration of a two-layered flexible plate, with its leading
edge fixed, exhibiting self-sustained flapping in a uniform flow.
3 Problem Statement
In the present work, flapping dynamics of a flexible plate made-up of two
layers stacked on top of each other having different material properties (i.e.
density, Young’s modulus, Poisson’s ratio) and thicknesses, is studied in a two-
dimensional framework using the numerical methodology described in section
2. Figure 1 presents a representative schematic for the passive flapping of a
two-layered flexible plate of length L and thickness H with the leading edges
fixed, and interacting with an incompressible viscous uniform flow U0 in the di-
rection of the plate’s length and density ρf . For this study the density, Young’s
modulus, Poisson’s ratio and thickness of the bottom layer are represented as
ρsb, Eb, νb, and Hb, respectively. Similarly, the material properties and thick-
ness for the top layer are considered as ρst, Et, νt, and Ht. The total thickness
(H) of the two-layered plate is given by H = Ht +Hb.
The flapping dynamic dynamics of a single-layered flexible plate is relatively
well understood and is known to depend on structure to fluid mass ratio
(m∗), non-dimensional flexural rigidity (KB) and Reynolds number (Re) (Shel-
ley et al., 2005; Connell and Yue, 2007; Jaiman. et al., 2013). Similar non-
dimensional parameters for a two-layered plate can be defined based on the
average elastic modulus Dsavg =
(
Est
(1−ν2t )Ht +
Esb
(1−ν2
b
)
Hb
)
/H, and average plate
density ρsavg = (ρ
s
tHt + ρ
s
bHb) /H can be defined as
(m∗)avg = αh (KB)avg =
βavgh
3
12
Re =
ρfU0L
µf
, (22)
where α = ρsavg/ρ
f is the non-dimensional density ratio, βavg = D
s
avg/ρ
fU20
denotes the non-dimensional elastic modulus and h = H/L represents the
non-dimensional thickness of the two-layered plate. Here we have expressed
(m∗)avg and (KB)avg has a function of two non-dimensional parameters, i.e.
α and h for (m∗)avg, and β and h in the case of (KB)avg. This representation
enables us to isolate the density and elasticity effects from the thickness. At
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Bottom Layer
L
Ωs
Ld = 20L
Γfout
uf = (U0, 0)
σfn = 0
Lu = 4L
Hb
Ht
Γfin
Γfbottom, v = 0, ∂u/∂y = 0
Γftop, v = 0, ∂u/∂y = 0
Ωf
5L
5L
Y
X
Top Layer
Figure 2. Computational setup corresponding to a two-layered flexible plate in a
uniform flow of velocity U0 along with the boundary conditions and interface sepa-
rating fluid-solid domain. The dashed line (−−−) indicates the neutral surface of
a given two-layered flexible plate.
the first instant one might feel this representation is redundant, however in
the case two-layered plate (m∗)avg and (KB)avg defined based on ρsavg and
Dsavg respectively can have same values of (m
∗)avg and (KB)avg for different
combinations of ρst, Et, νt, Ht, ρ
s
b, Eb, νb, and Hb.
Figure 2 shows the computational setup along with the numerical boundary
conditions considered for simulating the interactions between a two-layered
flexible plate that is clamped at its leading edge and a uniform axial flow.
The computational domain is of size 24L× 10L, where L is the length of the
flexible plate. The thickness of the two-layered flexible plate is considered as
H = 0.01L so that H  L. For simplicity, in this study it has been assumed
that Ht = Hb, i.e. Ht = Hb = 0.005L. The fluid is considered to be flowing
from left to right with a free steam velocity U0, i.e. it enters and leaves the
computational domain through Γfin and Γ
f
out, respectively. Hence, a traction
free boundary condition is imposed at the outlet (Γfout) of the computational
domain. A free-slip boundary condition is applied along the top (Γftop) and
the bottom (Γfb) boundaries of the computational domain. A no-slip boundary
condition is enforced along the plate-fluid interface.
4 Results and Discussion
Before we start investigating the flapping dynamics of a two-layered flexible
plate, we first present the verification of the proposed numerical methodology
described in section 2.1 and its implementation. To verify the implementa-
tion, we construct a special case by providing identical material properties for
both the layers and compare the flapping response against the results pub-
lished in Bourlet et al. (2015) for a single-layered foil. The identical material
11
(a) (b)
Figure 3. (a) Distribution of finite element mesh in the fluid domain (Ωf(t)) −
consisting of 7446 nodes and 14657 elements. This mesh distribution corresponds to
the initial configuration of the fluid domain (see Fig.2). (b) Magnified view of finite
element mesh in the vicinity of the leading-edge.
Bourlet et al. (2015) Present
Flapping amplitude δy/L 0.2435 0.2434
% Change − −0.04
Strouhal number δyf/U0 0.2341 0.2340
% Change − −0.04
Table 1
Verification of the proposed quasi-monolithic solver for the fluid-structure interac-
tion of a two-layered flexible plate made up of identical material properties for both
the layers whose equivalent single layer non-dimensional parameters correspond to
Re = 1000, m∗ = 0.1, and KB = 0.0001 with the numerical result of Bourlet et al.
(2015).
properties considered for both the layers would correspond to the single-layer
non-dimensional parameters of m∗ = 0.1, KB = 0.0001 and Re = 1000.
Figure 3 (a) presents the high-order P2 finite-element computational mesh
that has been selected based on the mesh sensitivity study. The mesh consists
of 29, 549 nodes and 14, 657 P2 elements. Figure 3 (b) shows the zoomed-in
view of the boundary-layer mesh around the flexible two-layered plate near
its leading edge. Table 1 presents a comparison of the trailing edge flapping
amplitude and flapping Strouhal number for the numerical simulations per-
formed using the solver based on the proposed formulation and the result from
Bourlet et al. (2015). The maximum deviation in the trailing edge response
is about 0.04% and the small variation in the solution can be attributed to
the computational mesh considered for this study, i.e. the computational mesh
used in Bourlet et al. (2015) consists of approximately 32,000 nodes against
approximately 30,000 nodes considered here.
4.1 Effect of Elastic Modulus on the Flapping Dynamics of Plate
Our consideration of a two-layered flexible plate in this work is a simplified case
of one or more flexible plate like structures having different elastic properties
mounted on top of each other. An interesting case arises when the average non-
12
dimensional elastic modulus βavg of the two-layered plate is kept constant and
the independent elastic properties of the two layers are varied. This asymmetry
in contribution from the layers to the elastic modulus of the plate has a definite
impact on the flapping dynamics of the plate. To study this, we introduce a
parameter ∆ = βt−βb which represents the non-dimensional difference in the
elastic modulus between the two layers, where
βb =
Eb
ρfU20 (1− ν2b)
βt =
Et
ρfU20 (1− ν2t )
. (23)
Four cases of ∆ = {0, 2400, 4800, 7200} with βavg = 6000 (corresponding to
KB = 0.0005) for a constant Reynolds number of Re = 1000, mass ratio
(m∗)avg = 0.1 and Ht/H = Hb/H = 0.5 are considered. Figure 4 presents the
time history of the trailing edge displacement for the two-layered flexible plate
and the corresponding Lissajous curves over a duration of ten non-dimensional
time units. The first observation from these figures is that the amplitude of
flapping in the cross-stream direction increases with an increase in ∆, which
is also clearly observed from the Lissajous curves (Fig. 4, right). Looking at
the stream-wise displacement of the trailing edge, in addition to an increase
in amplitude with increasing ∆, an asymmetry between consecutive oscilla-
tions is noted. A closer look at the Lissajous curves, in Fig. 4, for the cases
corresponding to ∆ = {4800, 7200}, clearly reveals that the stream-wise dis-
placement during the up-stroke is lesser than it is during the down-stroke.
This difference can be attributed to the fact that the top layer is consider-
ably more elastic in these two cases than the bottom layer, which allows for a
greater degree of bending in the down-stroke compared to the up-stroke. Along
with information about the amplitude of displacements, the Lissajous curves
in Fig. 4 can also be used to infer the frequency ratio and the phase difference
between the cross-stream and stream-wise displacements of the tip. In all the
four cases, the shape of the curves points to a phase difference close to pi/8 or
3pi/8. Furthermore, as expected, the curves’ shape also signifies a frequency
ratio of 1:2 between the cross-stream and stream-wise displacements.
Next, the frequency of flapping for each of these cases is investigated, and
the corresponding FFT (Fast Fourier Transform) plots are shown in Fig. 5. It
can be seen here that the value of the dominant frequency shows a decreasing
trend with increasing ∆. Following this, in Fig. 6, the full-body response of
the flexible plate over a complete cycle starting at an extremum is shown.
These plate profile plots reinforce the increase in the amplitude of the trailing
edge as ∆ is increased. Interestingly, it was noted that although the dominant
frequency of flapping decreases, the mode of flapping remains constant across
the four cases (Fig. 6). This is in stark contrast to the flapping dynamics of a
single-layered plate, where a change in dominant frequency is always accom-
panied by a change in the mode of oscillation, as illustrated in Gurugubelli
and Jaiman (2015).
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Figure 4. Time history of the cross-stream (——–) and stream-wise (− − −) dis-
placement of the trailing edge (left), and the Lissajous curves (right) for: (a) ∆ = 0,
(b) ∆ = 2400, (c) ∆ = 4800 and (d) ∆ = 7200 at a constant Re = 1000, m∗ = 0.1,
Ht/H = Hb/H = 0.5 and βavg = 6000 (KB = 0.0005)
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Figure 5. Amplitude-frequency spectrum of the cross-stream displacement, with the
dominant frequency marked, for: (a) ∆ = 0, (b) ∆ = 2400, (c) ∆ = 4800 and (d)
∆ = 7200 at a constant Re = 1000, m∗ = 0.1, Ht/H = Hb/H = 0.5 and βavg = 6000
(KB = 0.0005)
The forces on the plate are studied by calculating the drag and lift coefficients,
and these plots are shown in Figs. 7-8, respectively. Figure 7 clearly illustrates
that both the mean value and the amplitude of the drag coefficient increases
substantially with increasing ∆. It can also be noticed that the variation of
drag coefficient is slightly less regular for the latter cases (∆ = {4800, 7200}).
Figure 8 shows that the lift coefficient increases with an increase in ∆. It is also
worth noting that the RMS (Root Mean Square) value of the lift coefficient and
the trailing edge displacement also follow an increasing trend with increasing
∆ as depicted in Fig. 9.
Finally, the vorticity contours are investigated to realize the influence of flap-
ping motion on the vortex modes for the cases, ∆ = 0 and 7200. Figure 10
shows the snapshots of vortex shedding patterns over an up-stroke motion of
the plate for ∆ = 0 and 7200. In both cases, a strong clockwise rotating vortex
can be seen spinning off from the trailing edge when it is at its extrema. As
the trailing edge sweeps back to the mean position, the vortex is seen to be
shed into the wake. Similarly, a vortex of the opposite sign is shed during the
down-stroke. This cyclic process leads to a von Ka´rma´n vortex street with
a continuous series of alternatively signed vortices. On careful observation of
Fig. 10, it can be seen that the vortices are slightly more elongated along
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Figure 6. Full-body response of the two-layered flexible plate over a complete os-
cillation cycle for : (a) ∆ = 0, (b) ∆ = 2400, (c) ∆ = 4800 and (d) ∆ = 7200
at a constant Re = 1000, m∗ = 0.1, Ht/H = Hb/H = 0.5 and βavg = 6000
(KB = 0.0005)
the cross-stream direction for the case with non-equal material properties as
compared to the case with identical material properties. Since the Strouhal
number was noted to increase with increasing ∆, this elongation in vortices is
in accordance with Connell and Yue (2007), where the vortices were seen to
elongate in the cross-stream direction as the Strouhal number increased for
the case of a traditional single-layered plate.
4.2 Effect of Elastic Modulus on the Onset of Flapping Instability
The onset of flapping instability has already been extensively investigated for
the case of a single-layered plate. Here a similar investigation considering the
two-layered plate is conducted in order to gain more insight about the effect of
difference in elastic properties and see how it compares with the single-layered
plate. A total of four cases ∆ = {7200, 14400, 21600, 25200} with βavg = 9600
(KB = 0.0008) for a constant Reynolds number of Re = 1000, mass ratio
(m∗)avg = 0.1 and Ht/H = Hb/H = 0.5 are investigated.
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Figure 7. Time histories of the drag coefficients over 20 non-dimensional time units
for : (a) ∆ = 0, (b) ∆ = 2400, (c) ∆ = 4800 and (d) ∆ = 7200 at a constant
Re = 1000, m∗ = 0.1, Ht/H = Hb/H = 0.5 and βavg = 6000 (KB = 0.0005)
Although the average non-dimensional elastic modulus is constant across the
five cases, a significant difference in the flapping response is observed. Figure 11
summarizes the trailing edge displacement responses and the corresponding
Lissajous curves for all four cases. From Fig. 11, the response dynamics can
be characterized into two distinct response regimes as a function of ∆: (I)
fixed-point stable and (II) periodic LCO (Limit Cycle Oscillations). The first
two cases (∆ = {7200, 14400}) fall under regime (I), wherein, after the initial
transients, the trailing edge of the plate settles to a steady straight configu-
ration with no cross-stream displacement. On the other hand, the latter two
cases (∆ = {21600, 25200}) fall under regime (II), where the response even-
tually settles into periodic LCO with a constant frequency and amplitude.
This difference in response can also be distinctively seen from the Lissajous
curves (Fig. 11, right). For regime (I), the phase plot spirals into a single point
and contrastingly, for the regime (II), the phase plot exhibits a shape of figure
eight, which indicates periodic LCO. Furthermore, the phase plots for the cases
exhibiting LCO also reveal an asymmetry in the size of figure eight’s upper
and lower lobes, indicating that the trailing edge’s stream-wise displacement
is asymmetric during the upstroke and downstroke of the flapping motion.
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Figure 8. Time histories of the lift coefficients over 20 non-dimensional time units
for : (a) ∆ = 0, (b) ∆ = 2400, (c) ∆ = 4800 and (d) ∆ = 7200 at a constant
Re = 1000, m∗ = 0.1, Ht/H = Hb/H = 0.5 and βavg = 6000 (KB = 0.0005)
This is in accordance with the observations made in Section 4.1.
4.3 Effect of Mass Ratio on Flapping Dynamics
Investigations into the flapping dynamics of a single-layered plate have made it
clear that the mass ratio is an important parameter in predicting the flapping
dynamics of a plate. Here the influence of difference in the structural density
between the two layers on the flapping dynamics of a two-layered plate is stud-
ied. Therefore, four cases with (m∗t ,m
∗
b) = {(0.100, 0.100) , (0.125, 0.075) , (0.150, 0.050)}
for a constant Reynolds number of Re = 1000, non-dimensional elastic mod-
ulus βavg = 6000 (KB = 0.0005) and Ht/H = Hb/H = 0.5 are investigated.
Interestingly, no significant differences are noticed across all three cases. Fig-
ure 12 (a) shows the time history of the cross-stream and stream-wise dis-
placement of the trailing edge. It can be seen that all the three curves overlap
one another indicating a similar flapping amplitude across the cases. The same
can be inferred from the phase plots and FFT plots depicted in Fig. 12 (b).
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Figure 9. Graphical representation of (a) maximum trailing edge displacement,
(b) maximum drag coefficient, (c) maximum lift coefficient, (d) root mean square
value of trailing edge displacement, (e) mean value of drag coefficient and (f) root
mean square value of lift coefficient as a function of ∆ for the cases at a constant
Re = 1000, m∗ = 0.1, Ht/H = Hb/H = 0.5 and βavg = 6000 (KB = 0.0005)
Finally, a comparison of the lift and drag coefficients (Fig. 12 (c)) reaffirms
the fact that the difference in density between the layers has next to no effect
on the flapping dynamics of the plate. This observation is in stark contrast to
the effects of elastic properties presented in Section 4.1.
5 Conclusion
We have numerically investigated the flapping dynamics of a two-layered flex-
ible plate placed in a uniform flow. The two-layered flexible plate serves as a
simplified model of two or more flexible plate-like structures mounted on top of
each other as in the case of piezoelectric patches. A robust, numerically stable,
quasi-monolithic formulation based on finite element method is proposed to
solve the non-linear fluid-flexible structure interaction of a multilayered plate.
An in-house solver based on this formulation is developed to solve the problem
of a two-layered flexible plate placed in a uniform flow with the leading edge
fixed. This solver is then validated against the results for a single-layered plate
by considering identical properties for the two layers.
The in-house solver has been used to conduct parametric studies to understand
the effects of difference in the material properties such as Young’s modulus
and density between the top and bottom layers on the flapping dynamics of
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Figure 10. Vorticity contours depicting vortex shedding patterns over an up-stroke
motion of the plate for : (a) ∆ = 0 and (b) ∆ = 7200 at a constant Re = 1000,
m∗ = 0.1, Ht/H = Hb/H = 0.5 and βavg = 6000 (KB = 0.0005). The solid and
dashed lines represent positive and negative vorticity respectively
the plate. The material properties for the top and the bottom layer are se-
lected such that the average material property of the combined two-layered
plate is kept constant. Initially, parametric studies are conducted for the case
of Re = 1000 and (m∗)avg = 0.1, by choosing different values of Young’s mod-
ulus for the top and bottom layers such that (KB)avg = 0.0005. Interestingly,
it is observed that as the difference between the elastic modulus of the layers
is increased the flapping amplitude and forces on the plate also steadily in-
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Figure 11. Time history of trailing edge cross-stream displacement (left) and the cor-
responding Lissajous curves (right) for : (a) ∆ = 7200, (b) ∆ = 14400, (c) ∆ = 21600
and (d) ∆ = 25200 at a constant Re = 1000, m∗ = 0.1, Ht/H = Hb/H = 0.5 and
βavg = 9600 (KB = 0.0008).
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Figure 12. Plots depicting (a) the time history of trailing edge displacement, (b)
Lissajous curves (left) and amplitude-frequency spectrum (right) and (c) the time
history of drag and lift coefficient for the cases (i) (m∗t ,m∗b) = (0.100, 0.100) black
solid lines (——–), (ii) (m∗t ,m∗b) = (0.125, 0.075) blue dashed lines (− − −) and
(iii) (m∗t ,m∗b) = (0.150, 0.050) red dotted lines (· · · · · · ·) at a constant Re = 1000
Ht/H = Hb/H = 0.5 and βavg = 6000 (KB = 0.0005)
creased. Simultaneously, a decrease in the dominant frequency of flapping is
observed without any change in the mode of oscillation. It was also noticed
that as the difference in elastic properties increased the two-layered plate ex-
hibited an asymmetric stream-wise displacements of the trailing edge between
the up-stroke and the down-stroke. This observation can be attributed to dif-
ferent degrees of bending in the up-stroke and down-stroke and is in stark
22
contrast to the case of a single-layered plate, where the displacements are
always symmetric.
Following this, the case of Re = 1000, (m∗)avg = 0.1 and (KB)avg = 0.0008, for
which, a single-layered plate does not undergo self-sustained flapping is con-
sidered, and the Young’s modulus of the two layers are systematically varied.
The results show that the introduction of such variation between the layers
eventually leads to the onset of self-sustained flapping. Two distinct response
regimes are observed, and they are described as the (I) fixed point stable
regime and the (II) limit cycle oscillations (LCO) regime. In regime (I) the
plate settles into a steady straight configuration after the initial transients
whereas in regime (II) the plate exhibits periodic oscillations with a constant
amplitude and frequency. Once again, asymmetry in the stream-wise displace-
ment of the trailing edge between the up-stoke and down-stroke is observed
as the difference in elastic modulus between the layers is increased. Finally,
cases with unequal structural densities for the two layers are considered while
keeping the average fluid mass ratio of the plate constant at (m∗)avg = 0.1. It
turns out that unlike the case with different elastic properties, the variation
of structural densities have a negligible impact on the flapping dynamics of
the two-layered plate.
In conclusion, the effects presented in this work clearly illustrate that the con-
sideration of a multilayered model might be sometimes necessary to predict
the flapping dynamics of plates accurately, especially in the cases when the
layers of the plate possess different material properties. Therefore, more re-
search considering such multilayered plates could be valuable in predicting the
flapping dynamics of such multilayered flexible plates.
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